The radial basis function (RBF) approach has been used to improve the mass predictions of nuclear models. However, systematic deviations exist between the improved masses and the experimental data for nuclei with different odd-even parities of (Z, N ), i.e., the (even Z, even N ), (even Z, odd N ), (odd Z, even N ), and (odd Z, odd N ). By separately training the RBF for these four different groups, it is found that the systematic odd-even deviations can be cured in a large extend and the predictive power of nuclear mass models can thus be further improved. Moreover, this new approach can better reproduce the single-nucleon separation energies. Based on the latest version of Weizsäcker-Skyrme model WS4, the root-mean-square deviation of the improved masses with respect to known data falls to 135 keV, approaching the chaos-related unpredictability limit (∼ 100 keV).
I. INTRODUCTION
Nuclear mass is a basic quantity in nuclear physics, since it plays an important role not only in nuclear physics [1] , but also in other branches of science, such as astrophysics and cosmology [2] . During the past decades, great progress has been made in the mass measurements of atomic nuclei.
More than 2000 nuclear masses have been determined precisely [3] . By analyzing the systematic trends in the mass surface and its derivatives, masses of nuclei near the region of known masses can be estimated with the Audi-Wasptra extrapolation method [3] [4] [5] [6] . The local mass relations, such as the Garvey-Kelson (GK) relations [7] [8] [9] [10] [11] , the systematics of proton-neutron interactions [12, 13] and the Coulombenergy displacement [14, 15] , and systematics of α-decay energies [16, 17] can also be applied to predict the masses of nuclei near the known region, although the intrinsic errors grow rapidly when these local mass relations are used for predictions in an iterative way.
To predict masses of nuclei far from known region, two types of global mass models are nowadays widely used: the macroscopic-microscopic and microscopic mass models. In the macroscopic-microscopic mass model, e.g., the finite-range droplet model (FRDM) [18] and the Weizsäcker-Skyrme (WS) model [19] , the microscopic correction energies are extracted from the single-particle levels predicted with phenomenological potential, so numerical computations with this type of mass model is relatively fast. Moreover, various physical effects can be easily taken into account. For instance, by including * Electronic address: zmniu@ahu.edu.cn the surface diffuseness correction for unstable nuclei, the accuracy of WS model has been significantly improved. The corresponding root-mean-square (rms) deviation with respect to data in the atomic mass evaluation of 2012 (AME2012) falls to 298 keV, crossing the 0.3 MeV accuracy threshold for the first time within the mean-field framework [20] . Guiding by the semi-classical periodic orbit theory, a new macroscopic-microscopic mass model is proposed (for simplicity, this mass model is named as Bhagwat model hereafter), in which the fluctuating part of nuclear mass is taken as functions of the Fermi momentum of neutron and proton (i.e., N 1/3 and Z 1/3 ) and the proximity to shell closures [21] . The Bhagwat mass formula yields an rms deviation of 266 keV, which is one of the smallest deviations reported in literatures to our knowledge.
In contrast to the macroscopic-microscopic model, the mass calculation with microscopic models is usually much complicated, but it is usually thought to have a better extrapolation ability. This kind of models has their own merits, e.g., it can be used to predict various nuclear properties within a unified framework, including not only the ground-state properties [22] [23] [24] [25] [26] but also the excited-state properties [27] [28] [29] . Based on the Hartree-Fock-Bogoliubov (HFB) method with Skyrme or Gogny force, a series of microscopic mass models have been proposed [30] [31] [32] . Apart from the nonrelativistic ones, the relativistic mean-field (RMF) model has also been employed for the systematic calculations of nuclear masses recently [33] [34] [35] [36] .
Although these global mass models have achieved great progress in recent years, the accuracies in their predictions are generally worse than those from the local mass formulas (∼ 100 keV). Meanwhile, the deviations among the mass predictions of different global models are still widely distributed over the nuclear chart.
Recently, the CLEAN image reconstruction technique was applied to improve the accuracy of nuclear mass models, and indeed it significantly reduces the rms deviation to the known masses [37] . An alternative simple and effective approach to improve the accuracy of mass models is the radial basis function (RBF). Recent works [38] [39] [40] already demonstrated its ability to improve the description of nuclear masses and the two-neutron severation energies.
However, it was also noticed that remarkable odd-even staggering exists between the masses improved by the RBF approach and the experimental data. The problem accordingly deteriorates the description of nuclear single-neutron separation energies [40] . In this work, we attempt to cure the odd-even deviations found in our previous RBF calculations, which will be presented in Sec. III. For completeness, a brief introduction to the RBF approach will be given in Sec. II, and a summary will be presented in Sec. IV.
II. RADIAL BASIS FUNCTION APPROACH AND NUMERICAL DETAILS
The RBF approach was first introduced to improve the mass predictions of nuclear models in Ref. [38] . More details can be found in Ref. [39, 40] . In this approach, the solution at point x is represented as a sum of m radial basis functions φ( x − x i ) weighted by an appropriate coefficient ω i , i.e.,
where x − x i is the Euclidean norm between point x and center x i . The weight ω i is determined by training the RBF with m samples (x i , d i ), which means the reconstructed function S(x) at point x i is just the value d i , i.e.,
where φ ij = φ( x i − x j ) with i, j = 1, 2, ..., m. Then the RBF weights are determined to be
Using the weights determined in Eq. (3), the reconstructed function S(x) can be calculated with Eq. (1) for any point x.
For improving the mass predictions of nuclear models, the mass differences
between the experimental data M exp and those predicted with nuclear mass models M th are taken as the reconstructed samples. In addition, as in Refs. [38] [39] [40] , the Euclidean norm is defined to be the distance between nuclei (Z i , N i ) and (Z j , N j ) on the nuclear chart:
and the basis function φ(r) = r is adopted. With Eq. (3), the weights are easily determined and consequently the reconstructed function S(Z, N ) for nucleus (Z, N ) can be calculated with Eq. (1). Then the revised mass for nucleus (Z, N ) is given by
To evaluate the predictive power of nuclear mass models, the rms deviation, i.e.,
is usually employed, where M i th and M i exp are the theoretical and experimental nuclear masses, respectively, and n is the number of nuclei contained in a given set. In this work, only the nuclei with N 8 and Z 8 are involved and the experimental data are taken from AME2012 [4] , unless otherwise specified. For the theoretical mass models, we take the RMF [33] , HFB-27 [32] , DZ10 [41] , DZ31 [42] , ETFSI-2 [43] , FRDM [18] , KTUY [44] , WS4 [20] , and Bhagwat [21] mass models as examples, spanning from the macroscopic-microscopic to microscopic models. For simplicity, nuclear mass models improved by the RBF approach are denoted with Model+RBF.
III. RESULTS AND DISCUSSION
In previous studies, the reconstructed function S(N, Z) for a known nucleus is calculated based on the remaining nuclei with known masses in AME2012 [39, 40] , i.e., the leave-one-out cross-validation method. As indicated in panel (c) of Fig. 1 in Ref. [40] , the differences between the masses improved by the RBF approach and the experimental data show remarkable odd-even staggering. For convenience, we redraw this plot in panel (a) of Fig. 1 . Although the strengths of such an odd-even staggering differ from region to region, it does exist in the whole nuclear chart.
To better investigate this odd-even staggering, first of all, it would be instructive to organize the data into 4 groups, characterized by the odd-even parity of (Z, N ), i.e., the (even Z, even N ), (even Z, odd N ), (odd Z, even N ), and (odd Z, odd N ). The mass differences between the experimental data and the predictions of the RMF+RBF model for the even-Z-even-N (e-e) nuclei, even-Z-odd-N (e-o) nuclei, odd-Z-even-N (o-e) nuclei, 200. This implies that the odd-even effect, originating from the quantum effect of the last few valence nucleons, is not able to be fully washed out when training the whole nuclear database simultaneously in a single RBF approach.
Since the RBF approach can well eliminate the local systematic deviations, these systematic deviations for the e-e, e-o, o-e, and o-o nuclei should be removed with the RBF approach if we train the RBF separately for these four groups. For simplicity, such an RBF approach considering the odd-even effects is called to be the RBFoe approach, and the mass models improved by the RBFoe approach is denoted by Model+RBFoe hereafter. In panels (a), (b), (c), and (d) of Fig. 3 , the mass differences between the experimental data and the predictions of the RMF+RBFoe model are shown for the e-e, e-o, o-e, and o-o nuclei, respectively. As we expect, the systematic deviations for these four groups are well removed by the RBFoe approach in the whole mass region, although there are relatively larger scattering in the light mass region.
To understand the effects of the RBFoe approach, the reconstructed functions S(N, Z) predicted by the RBFoe approach and the mass differences between the experimental data and the predictions of RMF+RBFoe approach are shown in panels (b) and (c) of Fig. 1 , respectively. The mass differences between the experimental data and the predictions of RMF+RBF approach are shown in panel (a) for comparison. It is found that the odd-even staggering shown in panel (a) can be well reproduced with the reconstructed functions inside the contour lines of panel (b). When the reconstructed functions are added to the mass predictions of RMF+RBF model, the odd-even staggering of mass deviations is well eliminated and the deviations are almost within 0.5 MeV. From the structure outside the contour lines shown in Fig. 1(b) , it is found that the RBFoe approach predicts the odd-even corrections for the RMF+RBF model are within the 1 MeV for the neutron-rich nuclei, while it is relatively larger for the neutron-deficient nuclei but still within 1.5 MeV.
The RBFoe approach is then applied to various mass models, including the RMF, HFB-27, DZ10, DZ31, ETFSI-2, FRDM, KTUY, WS4, and Bhagwat models. The rms deviations of nuclear masses improved by the RBF and RBFoe approaches with respect to the known masses in AME2012 are given in Tab. I for these mass models.
Clearly, the RBFoe approach significantly improves the mass descriptions of Model+RBF approach even separately for the e-e, e-o, o-e, and o-o nuclei. The rms deviations with respect to all the known masses in AME2012 are reduced by up to 50% for the RMF and ETFSI-2 mass models. With the improvement of the RBFoe approach, all models considered here cross the 300 keV accuracy threshold. Based on the latest version of WS model, WS4, the rms deviation falls to 135 keV, even approaching the chaos-related unpredictability limit (∼ 100 keV) for the calculation of nuclear masses [45] .
The odd-even staggering is directly related to nuclear single-nucleon separation energy, which is very important for nuclear reactions in astrophysics. Therefore, it is interesting to further investigate the description of nuclear single-nucleon separation energy for various mass models and their counterparts improved by the RBF and RBFoe approaches. The corresponding rms deviations of single-neutron separation energies S n and singleproton separation energies S p with respect to the data in AME2012 are given in Tab. II. For completeness, the description of two-neutron separation energies S 2n and two-proton separation energies S 2p are also shown. Comparing with original mass models, the RBF approach significantly improves the description of S 2n and S 2p , whereas the description of S n and S p cannot be improved but even be deteriorated. With the RBFoe approach, the description of S 2n , S 2p , S n , and S p are all significantly improved, although the description of S 2n and S 2p is slightly worse than the Model+RBF approach.
For understanding how the RBFoe approach improves the description of nuclear single-nucleon separation energy, S n of the Ga (odd Z) and Ge (even Z) isotopes predicted by RMF are taken as examples. The corresponding results are shown in Fig. 4 . Note that S n of the Ge isotopes have been shifted up by 5 MeV to avoid the mix with symbols for the Ga isotopes.
Comparing with the RMF model, the RBF approach slightly improves the description of S n for the Ga isotopes, but the odd-even staggering predicted for the Ge isotopes is too weak to reproduce the experimental data. After considering the odd-even staggering, the RBFoe approach, on the other hand, gives an excellent description of S n for both Ga and Ge isotopes. This demonstrates the robustness of this new approach.
The Fourier transform of mass differences can give an insight for the correlations of mass differences. It is used to map similar trend of mass differences to similar frequency, i.e., the regularity in mass differences. Because the irregular form of the nuclear-data chart and a small number of nuclei along fixed N , Z, or A lines, all nuclei with known masses are reordered as in Ref. [45] : The nuclei are first ordered with increasing A. For the nuclei with the same A, they are further ordered by increasing N − Z for the even-A nuclei, while by decreasing N −Z for the odd-A nuclei. Then, the discrete Fourier transform of mass differences is evaluated with
where i is the imaginary unit, j and k are the order numbers, N is the total number of the mass data. The parameter γ is included to make F k dimensionless. Since it only affects the global scale of the Fourier amplitudes, γ = 1 MeV is adopted as in Ref. [46] .
The squared amplitudes |F k | 2 for the RMF, RMF+RBF, and RMF+RBFoe approaches are displayed in Fig. 5 . It should be noted that |F k | 2 in Fig. 5 are shown in the logarithm scale. Very large components are found at low frequencies for the RMF model, which corresponds to the local and slow change of the mass differences of RMF model [33] . With the RBF approach, this local mass differences are well eliminated, as reflected by the fact that the large |F k | 2 values at low frequencies are significantly reduced. However, a slightly enhanced components are observed at high frequencies. From the preceding discussions, we already know that these high-frequency components mainly originate from the odd-even staggering of mass differences. These high-frequency components can be further reduced to a large extend with the RBFoe approach. No dominant large-frequency components are observed for the RBFoe approach, or in other words, it is difficult to find particular correlations of the mass differences over the nuclear chart. This again verifies the success of the RBFoe in reproducing the whole nuclear mass surface. Similar distributions of the Fourier amplitudes are also observed for other mass models. In fact, as mentioned above, the best accuracy is obtained for the WS+RBFoe approach, which is already very close to the chaos-related unpredictability limit for the calculation of nuclear masses [45] .
IV. SUMMARY AN PERSPECTIVES
In this work, the RBF approach is extended to include the odd-even effects by separately training the RBF for the four groups of nuclei with different odd-even parities of (Z, N ), i.e., the e-e, e-o, o-e, and o-o nuclei. Taking nine widely used nuclear mass models as examples, we found that the RBFoe approach can significantly improve the nuclear mass predictions. The rms deviations of all these models with respect to the known mass in AME2012 are reduced to less than 300 keV. In particular, 135 keV is obtained for the WS4+RBFoe approach, which is very close to the chaosrelated unpredictability limit (∼ 100 keV). Moreover, the description of single-nucleon separation energies, S n and S p , is better reproduced by the RBFoe approach. We also attempt to analyze the differences of mass predictions to the known data with their Fourier amplitudes, from which the regularity of mass differences for the original mass models and Model+RBF approaches is clearly found. However, no dominant frequency components are observed for the RBFoe approach, which again verifies the success of the RBFoe in reproducing the whole nuclear mass surface.
For further improving nuclear mass predictions, it is important to map the Fourier amplitude from the frequency region to the nuclear region. From Eq. (7), it is clear that the Fourier amplitude at a certain frequency corresponds to a sum on all nuclear mass differences weighted by exponential functions, so a certain frequency cannot easily map to a specific nuclear region. The wavelet transform provides a useful tool for this mapping, which might provide some indications for the further improvement of nuclear mass predictions. Therefore, it is interesting to analyze mass differences with the wavelet transform and investigations along these lines are in progress.
